Abstract. Let (Ω, µ) be a σ-finite measure space, and let X ⊂ L 1 (Ω)+L ∞ (Ω) be a fully symmetric space of measurable functions on (Ω, µ). If µ(Ω) = ∞, necessary and sufficient conditions are given for almost uniform convergence in X (in Egorov's sense) of Cesàro averages Mn(T )(f ) =
Introduction
Let (Ω, A, µ) be a complete σ-finite measure space. Denote by L 0 = L 0 (Ω) the algebra of equivalence classes of almost everywhere (a.e.) finite real-valued measurable functions on Ω. Let
be the L p -space equipped with the standard norm · p .
Let
∞ be a Dunford-Schwartz operator (writing T ∈ DS), that is, T is linear and
If T ∈ DS is positive, that is, T (f ) ≥ 0 whenever f ≥ 0, then we shall write T ∈ DS + . Dunford-Schwartz individual ergodic theorem states that for every T ∈ DS and f ∈ L p , 1 ≤ p < ∞, the averages
converge a.e. to some f ∈ L p (see, for example, [6, Ch.VIII, §6, Theorem VIII.6.6]). In the case µ(Ω) < ∞, it follows from Egorov's theorem that a.e. convergence coincides with the almost uniform (a.u.) convergence, thus, Dunford-Schwartz individual ergodic theorem asserts a.u. convergence of the averages M n (T )(f ) for each f ∈ L p , 1 ≤ p < ∞, and all T ∈ DS. If µ(Ω) = ∞, then it is clear that a.u. convergence (in Egorov's sense) is generally stronger than a.e. convergence.
If µ(Ω) = ∞, then there is the problem of describing the largest subspace of L 1 +L ∞ for which a.u. convergence in Dunford-Schwartz individual ergodic theorem holds. Let
µ{|f | > λ} < ∞ for all λ > 0}.
In Section 3 we prove (Theorem 3.1) that for each f ∈ R µ and any T ∈ DS the averages M n (T )(f ) converge a.u. to some f ∈ R µ . It should be pointed out that, by virtue of Lemma 3.1, the proof of a.u. convergence in Dunford-Schwartz ergodic theorem is noticeably simpler than the proof of a.e. convergence. We also show that if (Ω, A, µ) has finitely many atoms or if its atoms have equal measures, then R µ is the largest subspace of L 1 + L ∞ for which the convergence takes place: if f ∈ (L 1 + L ∞ ) \ R µ , then there exists T ∈ DS such that the sequence {M n (T )(f )} does not converge a.u. (Theorem 3.4).
A well-known mean ergodic theorem asserts (see, for example, [6, Ch.VIII, §5]) that the averages M n (T ) converge strongly in a reflexive Banach space (X, · X ) for every linear contraction T of X, that is, given x ∈ X, there exists x ∈ X such that 1 n
Important examples illustrating this ergodic theorem are the reflexive spaces L p , 1 < p < ∞. In particular, the averages M n (T ) converge strongly in L p for any T ∈ DS. For the spaces L 1 and L ∞ , the mean ergodic theorem is false, in general. It is known that if T ∈ DS, then T (X) ⊂ X for any exact interpolation (for the Banach pair (L 1 , L ∞ )) symmetric space X of real-valued measurable functions on (Ω, µ). In addition, T X→X ≤ 1 (see, for example, [10, Ch.II, §4, Sec.2]). Recall also that the class of exact interpolation symmetric spaces for the Banach pair (L 1 , L ∞ ) coincides with the class of fully symmetric spaces on (Ω, µ) [10, Ch.II, §4, Theorem 4.3]. Therefore, there is the problem of describing the class of fully symmetric spaces X for which the mean ergodic theorem with respect to the action of an arbitrary T ∈ DS is valid.
If X is a separable symmetric space on the non-atomic measure space ((0, a), ν), where 0 < a < ∞ and ν is the Lebesgue measure, then the averages M n (T ) converge strongly in X for every T ∈ DS (see [19, 20] ; also [21, Ch.2, §2.1, Theorem 2.1.3]). At the same time, if X is a non-separable fully symmetric space, then for each f ∈ X \ L ∞ (0, a) · X there are T ∈ DS and a function f , equimeasurable with f , such that the sequence {A n (T )( f )} does not converge strongly in X [20] . Note also that, for the separable symmetric space L 1 ((0, ∞), ν), there exists T ∈ DS such that the averages M n (T ) do not converge strongly in L 1 ((0, ∞), ν). The main result of Section 4 is Theorem 4.5, which gives a criterion for a fully symmetric space X to satisfy the following: the averages M n (T )(f ) converge strongly in X for every f ∈ X and T ∈ DS.
In Section 5 we discuss some (classes of) fully symmetric spaces for which Dunford-Schwartz-type ergodic theorems hold/fail.
Preliminaries
Let (Ω, A, µ) be a σ-finite measure space and let L 0 = L 0 (Ω) be the algebra of (classes of) a.e. finite real-valued measurable functions on (Ω, A, µ).
In what follows t µ will stand for the measure topology in L 0 , that is, the topology given by the following system of neighborhoods of zero:
It is well-known (see, for example, [7, Ch.IV, §27,
Consider the σ-finite measure space ((0, ∞), ν), where ν is the Lebesgue measure.
implies that g ∈ X and g X ≤ f X . Let (X, · X ) be a symmetric (fully symmetric) space on ((0, ∞), ν). Define
It is shown in [9] (see also [15, Ch.3, Sec.3.5] ) that (X(Ω), · X(Ω ) is a Banach space and conditions f ∈ X(Ω), g ∈ L 0 µ , g * (t) ≤ f * (t) for every t > 0 (respectively, g ≺≺ f ) imply that g ∈ X(Ω) and g X(Ω) ≤ f X(Ω) . In such a case, we say that (X(Ω), · X(Ω) ) is a symmetric (fully symmetric) space on (Ω, A, µ) generated by the symmetric (fully symmetric) space (X, · X ).
Immediate examples of fully symmetric spaces are L 1 (Ω)∩L ∞ (Ω) with the norm
and
Every fully symmetric space X = X(Ω) is an exact interpolation space for the Banach couple (L 1 (Ω), L ∞ (Ω)), hence T (X) ⊂ X and T X→X ≤ 1 for any T ∈ DS (see, for example, [1, Ch.3 For any symmetric space X(Ω) the following continuous embeddings hold:
A symmetric space (X(Ω), · X(Ω) ) is said to have order continuous norm if f α X(Ω) ↓ 0 whenever f α ∈ X and f α ↓ 0. It is clear that a symmetric space (X(Ω), · X(Ω) ), that is generated by a symmetric space (X, · X ), has (respectively, has no) order-continuous norm if and only if a space (X, · X ) also has (or does not have) an order-continuous norm. Besides, a symmetric space (X, · X ) on ((0, ∞), ν) has order-continuous norm if and only if it is separable [18 
It is known that ( 
(see [18, II, Ch.7] ). Note that
A fully symmetric space (X × (Ω), · X × (Ω) ) is called the Köthe dual space for symmetric space (X(Ω), · X(Ω) ).
A symmetric space (X, · X ) is said to possess Fatou property if conditions 0 ≤ f n ∈ X, f n ≤ f n+1 for all n, and sup n f n X < ∞ imply that there exists f = sup n f n ∈ X and f X = sup n f n X .
If X = X ×× , then the symmetric space X possesses Fatou property (see, for example, [12, Vol.II, Ch.I, §1b]); in particular, the fully space (
property. In addition, in any symmetric space (X, · X ) with Fatou property conditions f n ∈ X, sup n f n X ≤ α, f ∈ L 0 and f n → f in t µ imply that f ∈ X and f X ≤ α (see, for example, [23, Ch.IV, §3, Lemma 5]).
It is clear that R µ admits a more direct description (2) . Note that if µ(Ω) < ∞, then R µ is simply L 1 (Ω). Therefore, we will be concerned with infinite measure spaces.
Let χ E be the characteristic function of a set E ∈ A. Denote 1 = χ Ω . The following gives a necessary and sufficient condition for the embedding of a symmetric space into R µ .
Proof. As µ(Ω) = ∞, we have 1
We will also need the next property of the fully symmetric space R µ .
3. Almost uniform convergence in Dunford-Schwartz pointwise ergodic theorem
The main goal of this section is to prove the following extension of the classical Dunford-Schwartz pointwise ergodic theorem. Theorem 3.1. Assume that (Ω, A, µ) is an arbitrary measure space, and let X be a fully symmetric space on (Ω, A, µ) such that 1 / ∈ X. If T ∈ DS and f ∈ X, then the averages (1) converge a.u. to some f ∈ X. In particular,
Remark 3.1. In proving Theorem 3.1, we can and will assume that (Ω, A, µ) is σ-finite. Indeed, if f ∈ X and 1 / ∈ X, then f ∈ R µ by Proposition 2.1, which implies that
and one can replace Ω by Ω f .
In view of Propositions 2.1 and 2.2, proof of Theorem 3.1 can be easily reduced to the case X = L 1 , so we shall treat this case first. Let (X, · X ) be a Banach space, and let M n : X → L 0 be a sequence of linear maps. Denote
is called the maximal operator of the sequence {M n }.
is continuous at zero, which is not the case when µ is not finite; see [14 
∞ , then it is easy to see that
at zero can be expressed as follows: given ǫ > 0, δ > 0, there is γ > 0 such that for every f ∈ X with f X ≤ γ it is possible to find E ⊂ Ω satisfying conditions 
To show that f n → f a.u., fix ǫ > 0. Since f n ∈ L 0 µ for every n and {f n } is a.u. Cauchy, it is possible to construct E ⊂ Ω such that µ(Ω \ E) ≤ ǫ, f n χ E ∈ L ∞ for every n, and
linear maps is continuous at zero, then the set
In view of Remark 3.2(2) and since M ⋆ is continuous at zero, there are f k0 and E 0 ⊂ Ω such that
Next, since the sequence {M n (f k0 )} converges a.u., there are E 1 ⊂ Ω and N ∈ N such that
for all m, n ≥ N . This means that the sequence {M n (f )} is a.u. Cauchy, which, by Proposition 3.1, entails that {M n (f )} converges a.u., hence f ∈ X c , and we conclude that X c is closed in (X, · X ).
µ for a given T ∈ DS, in order to prove that the averages (1) converge a.u. for every f ∈ X = L 1 , it is sufficient to show that
Here is our main tool, Hopf's maximal ergodic theorem [8] ; see also [17, Theorem 1.1, p.75]:
We shall prove the following maximal inequality for T ∈ DS acting in L p , 1 ≤ p < ∞. Note that, in order to establish Theorem 3.1, we will only need it for p = 1 and p = 2.
By Theorem 3.2,
Therefore, we have
is a σ-finite, we arrive at the following maximal inequality for T ∈ DS + acting in L 1 :
Then, denoting A λ = {|f | < λ/2} and g λ = |f |χ A λ , we obtain
, and it follows that
As |f | p ∈ L 1 , employing (4), we obtain a maximal inequality for
Thus, applying inequality (5) to |T | ∈ DS + , we obtain (3):
Now we can prove Theorem 3.1:
Proof. Show first that the sequence {M n (f )} converges a.u. whenever f ∈ L 1 . In view of Theorem 3.3, the maximal operator
is continuous at zero for every 1 ≤ p < ∞. This, by Lemma 3.1, implies that the set
, and we conclude that the set
Because h ∈ L ∞ , it is clear that the sequence {M n (f )} converges a.u. for every f ∈ D, and we conclude that this sequence converges a.u. for all f ∈ L 1 . Now, let X ⊂ L 1 + L ∞ be a fully symmetric space such that 1 / ∈ X, and let f ∈ X. By Proposition 2.1, f ∈ R µ .
Fix ǫ > 0 and δ > 0. In view of Proposition 2.
Since g ∈ L 1 , there exists E ⊂ Ω and N ∈ N satisfying conditions
implying, by Proposition 3.1, that the sequence {M n (f )} converges a.u. to some 
Since X is a fully symmetric space and f ∈ X, it follows that f ∈ X.
Now we shall present a class of measure spaces (Ω, A, µ) for which E = R µ is the largest fully symmetric subspace of L 1 + L ∞ for which Theorem 3.1 is valid. We say that a measure space (Ω, A, µ) is quasi-non-atomic if it has finitely many atoms or its atoms have the same measure. 
For every f ∈ X and T ∈ DS the averages (1) converge a.u. to some f ∈ X.
Proof. Implications (i) ⇐⇒ (ii) is Proposition 2.1, while (ii) =⇒ (iii) is Theorem 3.1. Implication (iii) =⇒ (i) follows from [3, Theorem 4.1], where it was established that, in the case of quasi-non-atomic σ-finite measure space (Ω, A, µ), for a given f ∈ (L 1 + L ∞ )\ R µ , there exists T ∈ DS such that the averages (1) do not converge a.e., hence do not converge a.u. Now we shall present some examples of fully symmetric spaces X such that 1 / ∈ X or 1 ∈ X. Recall that it is assumed that µ(Ω) = ∞. 
be the corresponding Orlicz space, and let
If X is a symmetric space with order continuous norm, then µ{|f | > λ} < ∞ for all f ∈ X and λ > 0, so X ⊂ R µ ; in particular, 1 / ∈ X.
3. Let ϕ be a concave function on [0, ∞) with ϕ(0) = 0 and ϕ(t) > 0 for all t > 0, and let
be the corresponding Lorentz space. It is well-known that (Λ ϕ , · Λϕ ) is a fully symmetric space; in addition, if ϕ(∞) = ∞, then 1 / ∈ Λ ϕ and if ϕ(∞) < ∞, then 1 ∈ Λ ϕ . Let ϕ be as above, and let 
On strong convergence of Cesàro averages
In this section we give a characterization of fully symmetric spaces for which the mean ergodic theorem is valid.
Let (Ω, A, µ) be a σ-finite measure space. If we consider the complete Boolean algebra ∇ µ = {e = [E] : E ∈ A} of equivalence classes of µ-a.e. equal sets in A (that is, when E, G ∈ A and µ(E∆G) = 0), then µ(e) := µ(E) is a strictly positive measure on ∇ µ . Denote by ∇ ν (0, a) = {[E] : E ∈ A ν } the complete Boolean algebra of equivalence classes of ν-a.e. equal sets in ((0, a) 
It is known that there exists e ∈ ∇ µ such that e · ∇ µ is a non-atomic, that is, the Boolean algebra e · ∇ µ has not atoms, and (1 − e) · ∇ µ is a totally atomic Boolean algebra, that is, 1 − e = sup n q n , where {q n } is the set of atoms in the Boolean algebra ∇ µ (see, for example, [22 
(with respect to the Boolean algebra e · ∇ µ ). Then there exists a unique algebraic isomorphism
In what follows, T ∈ DS(Ω, A, µ) will mean that T is a Dunford-Schwartz operator in
. If E ∈ A and A E = {A ∩ E : A ∈ A}, then it is clear that (E, A E , µ) is a σ-finite measure space. The next property of Dunford-Schwartz operators can be found in [3, Corollary 2.1].
Theorem 4.1. Let 0 = e = [E] ∈ ∇ µ , and let ∇ 0 be a regular subalgebra in e · ∇ µ such that (Ω, A 0 , µ) is a σ-finite measure space. If T ∈ DS(E, A 0 , µ), then there exists T ∈ DS(Ω, A, µ) such that
We say that a fully symmetric space X = X(Ω) possesses the mean ergodic theorem property (writing X ∈ (MET)) if the averages M n (T ) converge strongly in X for any T ∈ DS(Ω, A, µ).
Proof. Assume first (Ω, A, µ) = ((0, ∞), ν) and consider the operator
. It is known [18, Ch.6, §6.1, Proposition 6.1.1] that an embedding X 1 ⊂ X 2 of symmetric spaces (X 1 , · X1 ) and (X 2 , · X2 ) is continuous, that is, there is a constant c > 0 such that f X2 ≤ c f X1 for all f ∈ X 1 . Since, by the assumption,
, it follows that f 1 ≤ c f X for all f ∈ X and some constant c > 0. Consequently, the sequence {M n (T )(χ (0,1] )} can not converge strongly in the space X, and we conclude that X((0, ∞), ν) / ∈ (MET). Assume now that (Ω, A, µ) is non-atomic. By Corollary 4.1, there exist a regular subalgebra ∇ 0 in ∇ µ and an algebraic isomorphism Φ :
, and the sequence {M n ( T )(Φ(χ (0,1] ))} does not converge in the space (X(Ω, A 0 , µ), · X(Ω,A0,µ) ). Note that (Ω, A 0 , µ) is a σ-finite measure space.
By Theorem 4.1, there exists T ∈ DS(Ω, A, µ) such that T (g) = T (g) and
and n ∈ N. Thus, the sequence {M n ( T )(Φ(χ (0,1] ))} does not converge in the space X = X(Ω, A, µ), hence X / ∈ (MET). Next, let (Ω, A, µ) be a totally atomic infinite measure space with the atoms of equal measures. In this case
implying that the sequence {M n (T )(e 1 )} does not converge in the norm · 1 . Since X = l 1 and f X ≤ f 1 , f ∈ l 1 , it follows that the norms · X and · 1 are equivalent. Consequently, the sequence {M n (T )(e 1 )} is not convergent in the norm · X also, hence X / ∈ (MET). Assume now that (Ω, A, µ) is an arbitrary quasi-non-atomic infinite measure space. As noted above, there exists e = [E] ∈ ∇ µ such that e · ∇ µ is a non-atomic and (1 − e) · ∇ µ is a totally atomic Boolean algebra.
Let µ(E) < ∞. Since µ(Ω) = ∞, it follows that (Ω \ E, A Ω\E , µ) is a totally atomic σ-finite infinite measure space with the atoms of the same measure. According to what has been proven above, we have (Ω \ E, A Ω\E , µ), · X ) / ∈ (MET). Further, by Theorem 4.1, there exists T ∈ DS(Ω, A, µ) such that T (g) = T (g) and
In particular, there exist T ∈ DS(E, A E , µ) and f ∈ X(E, A E , µ) such that the sequence {M n (T )(f )} is not convergent in the norm · X . By Theorem 4.1, there
Recall that a fully symmetric space (X, · X ) on (Ω, A, µ), which is generated by a fully symmetric space (X(0, ∞), · X(0,∞) ), has order-continuous norm if and only if the space (X(0, ∞), · X(0,∞) ) is separable.
The next theorem gives another condition under which a fully symmetric space X(Ω, A, µ) does not belong to (MET). 
for every n. Consequently, the sequence {M n (T )(f )} does not converge strongly in X(0, ∞). Next, let (Ω, A, µ) be non-atomic. By Corollary 4.1, there exist a regular subalgebra ∇ 0 in ∇ µ and an algebraic isomorphism Φ :
are bijective linear isometries. In particular, (Ω, A 0 , µ) is σ-finite. According to what has been proved above, there exists T ∈ DS((0, ∞), ν) such that the averages M n (T ) do not converge strongly in X(0, ∞). It is clear then that T = Φ • T • Φ −1 ∈ DS(Ω, A 0 , µ) and the averages M n ( T ) do not converge strongly in X(Ω, A 0 , µ).
By Theorem 4.1, there exists
and n ∈ N. It follows then that the averages M n ( T ) do not converge strongly in X = X(Ω, A, µ), hence X / ∈ (MET). Now, let (Ω, A, µ) be totally atomic infinite measure space with the atoms of equal measures. In this case l 1 ⊆ X = X(Ω) ⊆ l ∞ , and R µ = c 0 , the fully symmetric space of converging to zero sequences f = {ξ n } ∞ n=1 of real numbers with respect to the norm f ∞ = sup n∈N |ξ n |.
If there is f ∈ X \ c 0 , then f * ≥ α1 for some α > 0, where 1 = {1, 1, . . . }, hence 1 ∈ X and X = l ∞ . Therefore, if X is a symmetric sequence space, then either X ⊂ c 0 or X = l ∞ . Since a.u. convergence in l ∞ and c 0 coincides with the convergence in the norm · ∞ , Theorem 3.4 implies that l ∞ / ∈ (MET). Let now X ⊂ c 0 . Since, by [15, Ch.II, Section 3.6], a symmetric space X(Ω) ⊂ c 0 is separable if and only if the symmetric space X(0, ∞) is separable, but X(0, ∞) is not separable, it follows that X is not a separable space. Therefore, the norm · X is not order continuous, implying that there exists
ξ n ↓ 0 and
Since ξ n ↓ 0, it follows that
as n → ∞ for any fixed m ∈ N. Therefore, the sequence {M n (T )(f )} converges to zero coordinate-wise. Suppose that there exists f ∈ X such that M n (T )(f ) − f X → 0. Then the sequence {M n (T )(f )} converges to f coordinate-wise, implying that f = 0.
On the other hand, as ξ n ↓ 0, we have
Thus, by (7),
implying that the sequence {M n (T )(f )} is not convergent with in the norm · X , that is, X / ∈ (MET). Repeating the ending of the proof of Theorem 4.2, we conclude that X(Ω) / ∈ (MET) for any quasi-non-atomic σ-finite infinite measure space (Ω, A, µ).
Let (X, · X ) be a symmetric space on ((0, ∞), ν). The fundamental function of X is defined by ϕ X (t) = χ (0,t] X . It is known that ϕ X (t) is a quasi-concave function (see [10, 
Note that
We need the following necessary and sufficient conditions for an embedding of a symmetric space
Proof. It is clear that X(Ω) ⊆ Y (Ω) if and only if
Consequently, it is sufficient to prove the proposition in the case (Ω, A, µ) = ((0, ∞), ν).
Choose a sequence B n ⊆ A n such that B n ⊇ B n+1 , 0 < ν(B n ) < ∞, and lim n→∞ ν(B n ) = 0. Then we have
Assume now that α(X) > 0. By [10, Ch.II, §4, Inequality (4.6)], we have
is bounded on X.Then it follows that 
Let (Ω, A, µ) be a σ-finite infinite measure space. Let f ∈ R µ and T ∈ DS(Ω, A, µ). By Theorem 3.1, there exists f ∈ R µ such that the sequence {M n (T )(f )} converges a.u. to f . Define the mapping P : R µ → R µ by setting
Proposition 4.4. Let (Ω, A, µ) be a σ-finite infinite measure space. Let (X, · X ) be a separable symmetric space on ((0, ∞), ν) such that X × ⊆ R ν . If {f n } ⊂ X(Ω) and g ∈ X(Ω) are such that f n ≺≺ g for all n, then f n → 0 in measure implies that f n X(Ω) → 0 as n → ∞. Proof. Since the symmetric space (X(0, ∞), · X(0,∞) ) is separable, it follows that
Since X is a fully symmetric space and P ∈ DS, it follows that g = f − P (f ) ∈ X ⊂ R µ for any f ∈ X. By Proposition 4.3, that P (g) = 0. Therefore, in view of Theorem 3.4, M n (T )(g) → P (g) = 0 in measure. Since M n (T )(g) ≺≺ g ∈ X for every n, Proposition 4.4 entails that M n (T )(g) X → 0. Next, by Proposition 4.3,
If (Ω, A, µ) is quasi-non-atomic and the averages M n (T ) converge strongly for every T ∈ DS, then Theorems 4.2 and 4.3 entail that the norm · X is order continuous and L If (Ω, A, µ) is quasi-non-atomic, then strong convergence of the averages averages M n (T ) for every T ∈ DS implies that the norm · X is order continuous and α(X) = 0.
Ergodic theorems in Orlicz, Lorentz and Marcinkiewicz spaces
In this section we give applications of Theorems 3.1, 3.4, and 4.5, to Orlicz, Lorentz and Marcinkiewicz spaces. If (Ω, A, µ) is quasi-non-atomic, then strong convergence of averages M n (T ) for every T ∈ DS implies that ϕ satisfies conditions ϕ(+0) = 0, ϕ(∞) = ∞, and lim 
